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Preface 



“Experiences in Mathematical Discovery is a series of ten 
self-contained units, each of which is designed for use by students 
of ninth-grade general mathematics. These booklets are the culmi- 
nation of work undertaken as part of the General Mathematics 
Writing Project of the National Council of Teachers of Mathematics 
(NCTM). 

The titles in the series are as follows: 

Unit 1 ; Formulas , Graphs, and Pattern* 

Unit 2: Properties of Operations with Numbers 
Unit 3: Mathematical Sentences 
Unit 4: Geometry 

Unit 5: Arrangement* and Selection* 

Unit G: Mathematical Thinking 
Unit 7: Rational Numbers 
Unit 8: Decimals, Ratios, Percent* 

Unit 9: Posit it? and Negative Number* 

Unit 10: Measurement 

This project is experimental Teachers may use as many units 
as suit their purposes. Authors are encouraged to develop similar 
approaches to the topics treated here, and to other topics, since 
the aim of the NCTM in making these units available is to stimu- 
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late i he development of special materials that can be effectively 
used with students of general innthcniaFcs. 

Preliminary versions of the units were produced by a writing 
team that met at the University of Oregon during the slimmer of 
11)63. The units were subsequently tried out in ninth-grade general 
mathematics classes throughout the United States. 

Oscar F. Schnaf, of the University of Oregon, was director of 
the 1 903 sunimer writing team that produced the preliminary 
materials. The work of planning the content of the various units 
was undertaken by Thomas J. Hill, Oklahoma City Public Schools, 
Oklahoma City, Oklahoma; Paul S. Jorgensen, Carle ton College. 
Norlhfield, Minnesota: Kenneth P. Kidd, University of Florida, 
Gainesville, Florida; and Max Peters, George \V. Wingilc High 
School, Brooklyn, New York. 

The Advisory Committee for the General Mathematics Writing 
Project was composed of Emil J. Berger (rAarVwaji), St. Paul 
Public Schools, St. Paul, Minnesota; Irving Adler, North Benning- 
ton, Vermont; Stanley J. Bezuszka, S. J., Boston College, Chestnut 
Hill, Massachusetts; Eugene P. Smith, Wayne Slate University, 
Detroit, Michigan; and Max A. Sobol . Montclair State College, 
Upper Montclair, New Jersey. 

The following people participated in the writing of either the 
preliminary or the revised versions of tiie various units: 

Pay W. Cleveland, University of Alberta, Calgary, Alberta 
Donald II, Firl, Rochester Public Schools, Rochester, Minnesota 
Carroll E. Fogal, University of Florida, Gainesville, Florida 
Edward F. Gottlieb, Madison High School, Portland, Oregon 
Kenneth P. Kidd, University of Florida, Gainesville, Florida 
I). Thomas King, Madison Public Schools, Madison, Wisconsin 
Edna K. Lassar, Polytechnic Institute of Brooklyn, Brooklyn, 
New York 

John F. I/’Blanc, Racine Public Schools, Racine, Wisconsin 
Scott I). MrFadden, Spencer Butte Junior High School, Eugene, 
Oregon 

Janies M. Moser, University of Colorado, Boulder, Colorado 
M ax Peters, George W. Wingate High School, Brooklyn, New 
York 
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Leonard Simon, Bureau of Curriculum Research, New York 
Public Schools, New York, New York 

Sisle*' Rita Joan Taucr, College of Sk Catherine, St. Paul, 
Minnesota 

Irwin N. Sokol, Collinv/ood High School, Cleveland, Ohio 

William H. Spragens, University of Louisville, Louisville, Ken- 
tucky 

Mary E. Stine, Fairfax County Schools, Fairfax, Virginia 

Arthur J. Wiebe, Pacific College, Fresno, California 

John E. Ynnicllc, Hanover College, Hanover, Indiana 

(baleful acknowledgment is hereby expressed to Muriel Lange 
of Johnson High School, Saint Paul, Minnesota, for checking on 
appropriateness of language and for working through all problems. 

Finally, n word of grateful thanks is extended to the NCTM 
headquarters staff for their assistance, and in particular to Clare 
Stiff! and Gladys Majclte for their careful attention to production 
editing details. 



Emil J. Bkiigkh 

Chairman, Advisory Committee 

General Mathematics Writing Project 
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John and David made up a new card game called TOUCHDOWN. 
To play (he game they used an ordinary deck of cards with the 
picture cards removed. They let each red card stand for a loss of 
as many points as the number on the card, and each black card 
for a ga*n of as many points as the number on the card. Each ace, 
regardless of color, was considered a gam of 15 points. 

John shuffled (he deck and dealt David four cards David’s cards 
were the 8 of spades, the 5 of clubs, the 3 of hearts, and the 4 of 
diamonds. Notice that two cards were from black suits and two 
were from red suits. 

John sa ; d, '‘You have gains of 8 and 5, and losses of 3 and 4.” 
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The boys dec ided to represent the net result in the following way: 

( + 8) + ( + . r ») + (*») + C4) 

John did some paper work and said, “That gives you a net gain 
of 0.” 

“How did you do that so fast?” asked David. 

John showed David the work that he did on paper. 

0AVI0 
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“1 tried to match gains with losses, and right away 1 saw that 
1 had six marks for gains left over,” replied John. 

“You could also get the answer by subtracting 7 from 13,” said 
David. “Since the difference is G and you had more gains than 
losses, you would know that you had a net gain of 0.” 

David wrote + 0 on his scorecard, shuffled the deck, and dealt 
John four cards. John’s cards were the 0 of hearts, the 5 of hearts, 
the G of spades, and the 7 of spades. John wrote '1 cm his scorecard. 
This meant that he had a net loss of 1 point. How do you think 
John determined this loss? 

i ■ 

Class Discussion U 1 » 

\ , What is the greatest net gain a player can have on any one 
hand? 

2, What is the greatest net loss a player can have on any one 
hand? 

3, Using *S, (', If, and D to stand for . pack's, clubs, hearts, and 
diamonds respectively, what would l>c the net gain or toss for 
a hand consisting of l(hS\ 7(\ 8//, {)/)? 

4, In playing the game of TOUCHDOWN, each player totals 
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his score after each hand, After several hands David’s and 
John’s scorecards looked like those shown below. 
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Kind Seer* 


T«1d Sccri 


+ 6 




4 12 


♦IS 


5 


4 1 3 


'IS 





John 

Hord Scor» Tolal Scar* 



1 

“3 

2 



“ I 
4 7 
+ 4 
2 



a. At the point in the game when David’s total score was "2 
and John’s total score was *2, which boy was ahead? 

b. Later in the game John had a total score of 4 15 and David 
had a total score of “19. Who was ahead? 



5 . There are two ways to win the game of TOUCHDOWN. A 
player wins if he gets a total score of 4 30 or more. He also wins 
if his opponent gets a score of "15 or less. If a 'core of "19 less 
than a score of "15? 



6. a. If you combine two losses, is the result a loss? 

b. If you combine two gains, is the result a gain? 

c. When would a gain and a loss cancel each other, so (hat 
the player would break even? How would you represent a 
break-even score? 

d. What results arc possible when you combine a gain and n 
loss? 



7 . The numbers you have been using to describe gains and losses 
(and breaking even) are called integers. The set of integers 
is listed below. 



i,o, + i/2, + :j, ■ I 

The symbol u "3” is read ‘'negative three,” The symbol <l4 3” is 

read "positive thro'' ” And the symbol “0” is read "zero.” 

a. Which integer would you use* to indicate that you broke 
even? 

b. The set of integers is listed in a special way. What tells 
you that '4, "5, and "6 are members of the set of integers? 

c. What tells you that 4 4, 4 5, and 4 f> are members of the sc* 
of integers? 
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\ A FootkaMj CL\mk 

I You cun change the game of TOUCHDOWN to make it a 
J FOOTBALL game. Draw a diagram of a football field on a large 
j piece of cardboard. Draw lines to represent the yard markers and 
: boundaries. Place a button on the field to represent the balk Make 
one move for each hand of cards. 

Use the same deck of cards tin 1 you used for TOUCHDOWN. 
Let each hand of four cards rep^sent four downs. Ix?t each red 
card stand for a loss of as many yards as the number on the card, 
and each black card for a gain of as many yards as the number on 
the card. Let each ace stand for a completed forward pass that is 
good for a gain of 15 yards, If you tike, put the Jacks in the deck of 
cards, and let each Jack stand for a 5-yard penalty. 

To start the game, flip a coin to see who kicks off (deals the cards). 
Assume that the kick-off is always received on the receivers 40-yard 
line. Play a game of FOOTBALL. Play four 10-miiuWc quarters. 
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When would you say that a player lias made a first down? 

When would a player lose the ball on downs? 

When would you say that a player has made a touchdown? 
If your opponent has the '‘bnll,” when would you score a safely? 
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8, The set of integers can be separated Into the following subsets: 

Negative Integers pi, “2, • • • j 
Positive Integers pi, h 2, ■ • * } 

Zero ]0J 

a. Which subset is used to represent losses? 

b. Which subset is used to represent breaking even? 

c. Which subset i* used to represent gains? 

9. a. In the game of TOUCHDOWN, does a loss result in a 

lower or a higher score than breaking even? 

b. Does a gain result in a lower or a higher score than breaking 
even? 

<. Do you think each negative integer is less than zero? 

d. Do you think each positive integer is greater than zero? 

10. The .symbol means “is less than?’ and the symbol 

means “is greater than/ 1 Translate each English sentence into a 
mathematical sentence. Hint: Rewrite each sentence using 
only mathematical symbols. 

a. Negative four is less than zero. 

b. Positive one is greater than zero, 

<. Zero i . greater than negative ten. 

d. Negative ten is less than negative three. 

e. Positive fifteen is greater than positive ten. 

f. Positive three is greater than negative one. 

11 * Which sentences in exercise 10 are true? 

12. Using gains and losses as scores in the game of TOUCHDOWN, 
can von think of a way to decide which of two integers is greater 
and which is loss than the other? 

a. Does a loss of 10 points result in a lower score than a loss 
of 5 point*? is it true that “10 < “o? 

b. Dr^es a loss of 3 points result in a lower score than no loss? 
Is it true that ~3 < 0? 

c. Does every loss result in a lower score than a gain? Is it 
true that "1 < '*2? 

d. is zero greater than every negative integer? Is it true 
that 0 > ~2? 
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e, Is zero less than every positive integer? Is it true that 

0 + 3? 

f . Read the sentence below. Is the sentence true? 

“1 < O < + 1. 

0 . It' tne following sentence true? 

• •• “5 < “2 < "l < o < + i < + :{ ■■ ■ . 

13 . Combining gains and losses suggests the idea of addition. 
Suppose that a football player gains 7 yards on one play and 
loses 10 yards on the next play. The result is a net loss of 3 
yards for the two plays. This idea can be expressed by using 
the mathematical sentence below. 

+ 7 + ‘JO = 

This sentence is read “Positive seven plus negative ten equals 
negative three/ ’ Write a mathematical sentence for each of 
the following: 

a, A loss of 5 yards followed by a gain of 9 yards results in 
a net gain of 4 yards. 

b, A gain of 2 yards foJ’owed by a loss of 2 yards results in 
a net yardage of 0. 

c, A gain of 5 yards followed by a gain of 3 yards results in 
a net gain of 8 yards. 

d, A loss of 4 yards followed by a loss of 2 yards results in <» 
net loss of 6 yards. 




Gains and losses suggest the idea of positive and negative 
numbers. Gains suggest positive numl>crs. Losses suggest negative 
numbers. Breaking even suggests a number that is neither positive 
nor negative. This number is zero. 

The set of all positive numbers, negative numl>ers, and zero 
includes a special set called the set of integers. 

Using gains and losses as scores in a game suggests a way of 
telling which of two integers is greater and which is less than the 
other. Since a gain results in a higher score than a loss, any positive 
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integer is grater than any negative integer. Furthermore, zero 
is greater than any negative integer and less than any positive 
integer. 

The sentence below tells you the order of the integers in relation 
tc each other. 

■ "4 < "3 < ~2 < “I < 0 < + 1 < + 2 < + 3 < + 4 - • . 

Combining gains and losses suggests a way of determining what 
the sum of two integers should be. 




1. Integers ran l>e used to express ideas other than gains and 
losses. What integer is suggested by each idea expressed below? 
o. The temperature outdoors is 32 degrees below zero. 

b You make a withdrawal of S20 from the bank. 

c. Jim's score on a mathematics test is 10 points above the 
class average. 

d. The city of Denver is 5,280 feet above sea level. 

e. The countdown was stopped 10 seconds lxdorc blast-off. 

f. Yon deposit SI 7 in a savings account and withdraw SI 5. 

g. Death Valley is 282 feet below sea level. 

b. The elevation of New York City is said to Ixi 1 'sea level.” 

2 . Use an integer to describe each of the following situations, 
o. The temperature is 25 degrees Ix'low zero. 

b< Peter spent $8, 

<. Carol earned -SI 0. 

d< Marge paid a dental bill of S45. 

e. Ray received a royalty check for S72 1 . 

f. The airplane cruised at an altitude of 35 000 feet. 

g. The submarine dived to a depth of 3,000 fed. 

h. The stock market average was down 3 points. 

3. a. Following a lo^ of 0 points, what would you need to break 

even? 

b. Following a gain of 4 points, what would you need to break 
even? 
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c. For any toss is there exactly one gain that will cancel the 
loss so that you will break even? 

d. For any gain is there exactly one loss that will cancel the 
gain so that you will break even? 

4. Bookkeepers sometimes record the amount of money paid for 
expenses in red ink and the amount of money received in Mack 
ink. 

o. If this scheme is used, how can you tell if there are more 
expenses than receipts? 

b. How can you tell if there are more receipts than expense*? 

e. What do you think the expression “in the red” means? 
What does “in the black” mean? 

d. What does it mean to say “the books balance”? 

5. Translate each of the following into a mathematical sentence. 

a. A gain of 8 followed by n gain of 5 results in a net gain 
of 13. 

b. A loss of 4 followed by a loss of 7 results in a net loss of 11. 

e. A loss of 5 followed by a gain of 5 results in breaking even. 

d. A loss of 10 followed by a gain of 3 results in a v.ot less of 7. 

e. A loss of 5 followed by a gain of 1 1 results in a net gain, of G. 

6. Complete each sentence so that the resulting sentence is tru?. 

a . 4 3 + “7 = c. 13 +-14 = 

b. ”10 + +11 « d. 7 4- 4 7 *= 

7. Complete each sentence using whichever symbol, = , <, or >, 
makes the sentence true. 

a. '25 -f 4 15 “10. c. ~4 4 2 + '5. 

b. 4 3 + '2 0. 



B. For each integer, what integer should you add so that the sum 
will be zero? 

o. 4 17 b. "12 c. *91) d 0 



If the sum of two integers is zero, then each integer is the 
opposite of the other. 

e. If an integer is po di\'i what kind of intcgi r is its opposite? 

b. Jf an integer is negative, w »at kind of integer is it s opposite? 

c. What is the opposite of zero? 
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